The clustered nature of star formation should produce a high degree of structure in the combined phase and chemical space in the Galactic disk. To date, observed structure of this kind has been mostly limited to bound clusters and moving groups. In this paper we present a new dynamical model of the Galactic disk that takes into account the clustered nature of star formation. This model predicts that the combined phase and chemical space is rich in substructure, and that this structure is sensitive to both the precise nature of clustered star formation and the large-scale properties of the Galaxy. The model self-consistently evolves 4 billion stars over the last 5 Gyr in a realistic potential that includes an axisymmetric component, a bar, spiral arms, and giant molecular clouds (GMCs). All stars are born in clusters with an observationally-motivated range of initial conditions. As direct N-body calculations for billions of stars is computationally infeasible, we have developed a method of initializing star cluster particles to mimic the effects of direct N-body effects, while the actual orbit integrations are treated as test particles within the analytic potential. We demonstrate that the combination of chemical and phase space information is much more effective at identifying truly co-natal populations than either chemical or phase space alone. Furthermore, we show that co-moving pairs of stars are very likely to be co-natal if their velocity separation is < 2 km s −1 and their metallicity separation is < 0.05 dex. The results presented here bode well for harnessing the synergies between Gaia and spectroscopic surveys to reveal the assembly history of the Galactic disk.
1. INTRODUCTION The overarching goal of the field of Galactic archeology is to reconstruct the formation history of the Milky Way based on observations of stars in our Galaxy today (e.g., Eggen 1974; Freeman & Bland-Hawthorn 2002; Schönrich & Binney 2009; Bland-Hawthorn et al. 2010; Mitschang et al. 2014; De Silva et al. 2015) . Galactic archeology aims to address a number of topics including, but not limited to, the star formation history of the Milky Way, chemical evolution, studying the first generation of stars in the Milky Way, and the dynamical history of the Galaxy. In the context of the Galactic disk, the building blocks of star formation -star clusters -enable us to probe the chemodynamical evolution of the Milky Way (e.g., Lada & Lada 2003; Goodwin & Bastian 2006; Bastian & Goodwin 2006; Portegies Zwart et al. 2010; Longmore et al. 2014; Walker et al. 2015) . However, due to the short dynamical time in the disk, unbound star clusters are phase mixed quickly, making their study difficult.
The traditional view of star cluster evolution (e.g., Lada & Lada 2003; Fall et al. 2005; Goodwin & Bastian 2006; Baumgardt et al. 2008; Assmann et al. 2011) argues that all or most stars are born in star clusters but most disrupt on short timescales. Lada & Lada (2003) provided strong evidence for this scenario by finding embedded, gas-rich star clusters ten times as often as gas-free open clusters in the Galaxy. Making the assumption that embedded clusters are ancestors of classical open clusters, the dearth of the latter led Lada & Lada (2003) to suggest that a small fraction ( 10%) of bound star clusters are able to survive the embedded phase due to gas expulsion. The unbinding of young star clusters due to gas expulsion was dubbed "infant mortality".
However, recent observations (e.g., Bressert et al. 2010; Gutermuth et al. 2011; Parker & Meyer 2012; Kuhn et al. 2014; Grasha et al. 2017; Elmegreen 2018) of the Milky Way and other galaxies show a hierarchical, spatially correlated distribution of star-forming regions. Kruijssen (2012) and others argue that these results imply that surface density thresholds used to make the classical "infant mortality" argument are arbitrary and do not correspond to a physical scale. Consequently, they argued that the scarcity of bound gas-free clusters is simply a consequence of the hierarchical nature of the ISM: only a small fraction of star formation reaches densities high enough to result in bound star clusters. These two different formation channels (one where there is a lower limit to the mass of a cluster and the other where star formation is a spatially correlated, hierarchical process with practically no lower mass limit) might be directly testable through data from the Gaia mission (Brown et al. 2018) . Understanding the extent to which phase space and chemical information of the Galactic disk can discriminate between these two scenarios is one of the motivations for the present work.
The study of structure on larger spatial scales has been extensively studied through both recent N-body simulations (e.g., Dehnen 2000; Quillen & Minchev 2005; Minchev & Famaey 2010; Hunt & Bovy 2018; Laporte et al. 2018; Khoperskov et al. 2018) and Gaia DR2 observations (e.g., Katz et al. 2018; Antoja et al. 2018; Poggio et al. 2018) . These works have shown a significant amount of structure in the solar neighborhood that has been mostly attributed to resonances of the spiral arms and/or bar and the influence of the Milky Way's satellites on the disk. However, the question of how much structure we expect to observe due to clustered star formation in the Milky Way has not been investigated in de-tail. Due to the absence of an easily noticeable phase space signature of disrupting star clusters beyond at most a couple of Galactic dynamical times, Freeman & Bland-Hawthorn (2002) proposed the idea of chemical tagging: using the chemistry of stars to understand the assembly history of the Milky Way (Bland-Hawthorn et al. 2010) . The fundamental assumption of chemical tagging is that stars born in the same star cluster will have identical initial element abundance patterns (e.g., Friel et al. 2002; De Silva et al. 2007; Koposov et al. 2008; De Silva et al. 2009; Feng & Krumholz 2014; Mitschang et al. 2014; Ting et al. 2015a; Anders et al. 2018) . The intrinsic dispersion in the chemistry of stars born together is thought to be very low and consistent with the measurement uncertainty (< 0.03 dex; e.g., Bovy 2016; Ness et al. 2018) . Therefore, in principle, it should be possible to reconstruct disrupted star clusters through their unique chemical tags. Ting et al. (2015a) (hereafter T15) used a flexible model of the chemical space spanned by disk stars of the Galaxy to show that, in practice, a given clump in chemical space is likely not a strictly co-natal population. T15 found that the most important factors limiting the identification of disrupted clusters via chemical tagging are the precision of elemental abundances, the dimensionality of chemical space, and the survey sampling rate of the underlying stellar population. In their fiducial model, T15 found that the dominant star cluster for a clump in chemical space only contributed 25% of the stars in that clump. This is a rather significant problem for strong chemical tagging -finding a set of stars clustered in chemical space does not necessarily mean that they were born together. Relatedly, Ness et al. (2018) found similar contamination from field stars in chemical space.
As a result, neither phase space nor chemical space alone have had much success to date in unraveling the assembly history of the Milky Way disk. However, recent results (Röser et al. 2019; Meingast & Alves 2018; Meingast et al. 2019) hint at the possibility of rich substructure in the disk due to clustered star formation. The possibility of uncovering the assembly history of the disk by analyzing substructure motivates the work presented here. This paper is the first in a series that develops a new suite of models for the full population of star clusters comprising the Galactic disk. One of the primary goals of this project is to study the chemo-dynamical information content of the Milky Way disk in the Gaia era.
The paper is structured as follows. Section 2 discusses the different components of the model in detail. Section 3 show global properties of the simulated galaxy compared to the Milky Way. Section 4 combines kinematic and chemical information in the context of chemical tagging and co-moving pairs. Section 5 outlines the limitations of the model presented in this work and potential directions for future work. Section 6 is a summary of the key results and assumptions made in the model.
METHODS

Overview
We simulate the dynamical evolution of the galaxy with orbit integration of test particles coupled to a semi-analytical model of initializing the clusters in a way that roughly approximates their evolution in the disk in the backdrop of a realistic galactic potential. The key model ingredients are a star formation history, a potential for the Milky Way, a computationally feasible model for how stars in star clusters dissolve, a chemical evolution model, and orbit integration of test particles.
This section describes the model in detail. Throughout this section, we will refer to Figure 1 , which shows various important model ingredients. First, we discuss the various components of the potential of the Milky Way that are implemented in our simulations (Section 2.2). Second, we examine the star formation history adopted for the simulations and the radial growth of the simulated galaxy over time (Section 2.3) . This tells us when, where, and how many stars are born in the simulated galaxy. Third, we describe how clustered star formation is implemented in our simulations and introduce a subgrid model to mimic cluster disruption (Section 2.4). Fourth, we discuss the semi-empirical chemical model for the simulation, which assigns a chemical tag to every star based on when and where they were born (Section 2.5). Fifth, we explain the need for a smooth background model to represent older stars in the simulation (Section 2.6). Sixth, we discuss how we calculate the photometry for stars in the simulation and create our mock catalogs to enable a fair comparison with Gaia DR2 (Section 2.7). Seventh, we discuss how we calculate phase space densities (Section 2.8). Finally, we end this section with a description of the different variations of the simulations that we have run (Section 2.9).
Galaxy Potential
The galaxy modeled in this work has six components: the disk, the bulge, the bar, the halo, spiral arms, and giant molecular clouds. The form of the potential and the parameters chosen are largely based on previous work (Pichardo et al. 2004; Jílková et al. 2012; Martínez-Barbosa et al. 2014; Gustafsson et al. 2016) . Table 1 lists the most important parameters of each different component and the following subsections discuss the meaning of these parameters.
Axisymmetric Component
The disk is modeled with a Miyamoto-Nagai disk, the expression for which is given by:
The parameters M d , a disk , b disk are given in Table 1 . The M d value is the value of the mass of the disk at z = 0; however, we expect that the disk has grown over time. Consequently, the value for M d tracks the evolution of the accumulated stellar mass by integrating the SFH as shown in Figure 1 (bottom right panel). The radial growth model that we adopt for the disk (Eq. 16) implies that the scale length of the disk will have changed negligibly in the last 5 Gyr as the accumulated stellar mass in the disk also changes only slightly. Consequently, we fix a disk to a constant value. The bulge is modeled with a simple Plummer sphere. The potential of a Plummer sphere is given by:
The parameters M b and b bulge are given in Table 1 . The dark matter halo is modeled with an NFW profile. The potential for this model is given by:
The parameters used for the halo are listed in Table 1 . The halo is assumed to be static and not evolving since particles are integrated in our simulation for 5 Gyr and the mass of the halo is not expected to have undergone a large change in that time (Behroozi et al. 2013 ).
Spiral Arms
The spiral arms of a Milky Way-like galaxy play an essential role in the dynamical evolution of the Galaxy through processes such as radial migration and in-plane heating (e.g., Sellwood & Binney 2002; Minchev & Famaey 2010; VeraCiro et al. 2014; Grand & Kawata 2016) . The exact origin and persistence of spiral arms is still contested, with some arguing for a superposition of transient co-rotating structures which wind up and disappear on short timescales (e.g., Baba et al. 2013; Sellwood & Carlberg 2014) and others arguing for more long-lived modes (e.g., D 'Onghia et al. 2013; Grand et al. 2015) . In simulations, spiral arms are usually represented as periodic perturbations of the axisymmetric potential. We use the prescription given by Cox & Gómez (2002) , which models such perturbations in three-dimensional space and calculates the effect of this potential in a rotating frame. The potential of the spiral arms is given by the following expression:
where r rot is the distance from the Galactic center, measured in the frame co-rotating with the spirals arms. The value H is the scale height, A sp is the amplitude of the spiral arms, and R Σ is the scale length of the drop-off in density amplitude of the arms. In line with previous simulations (Jílková et al. 2012; Martínez-Barbosa et al. 2014) , we use only the n = 1 term, with C 1 = 8/3π, and the parameters K 1 , D 1 and β 1 given by:
where m and i correspond to the number of spiral arms and pitch angle of the spiral structure respectively. Finally, the term γ in Eq. 4 represents the shape of the spiral structure, which is described by the expression:
The parameter r 0 is the reference radius for the adopted mass density of the model (A sp ), and like Jílková et al. (2012) , we choose 5.6 kpc. The parameters for the spiral arms are listed in Table 1 . The five primary parameters that determine the impact of the spiral arms model presented above are: radial scale length, scale height, pitch angle, amplitude of density perturbation (the mass density of the arms) in the Galactic plane at R , and angular velocity. The references shown in Table 1 motivate our choices for the parameters of the spiral arm model. One of the more important parameters to choose is the number of spiral arms. Some have argued for the Galaxy's spiral pattern to be a superposition of multiple modes with varying densities and different pattern speeds (e.g., Quillen et al. 2011; Lépine et al. 2011; Sellwood & Carlberg 2014) . However, some observations (e.g., Benjamin et al. 2005; Churchwell et al. 2009 ) indicate that the non-axisymmetric component of the old stellar disk is dominated by a two-armed (ScutumCentaurus and Perseus) spiral pattern outside the bar. Consequently, we choose m = 2 for the simulations presented in this work. The impact of transient spiral arms will be explored in future work.
Bar
The galactic bar is an important component of the potential and, along with spiral arms, has been shown to be an important driver of the substructure in phase space that we see in the Galactic disk today (e.g., Monari et al. 2016; Hunt & Bovy 2018) . Following Pichardo et al. (2004) , we model the bar of the Galaxy with a three-dimensional Ferrer's potential (Ferrers 1877) , which is represented by the following density:
The parameters a, b and c are the semi-major, semi-minor, and vertical axes of the bar, respectively. The term ρ 0 in Eq. 9 represents the central density of the bar and k its concentration. We chose k = 1, since there is an approximation we can use to calculate the forces that does not involve integrals and saves us computational time. We assume that the bar rotates as a rigid body at some pattern speed Ω b . The parameters that describe the bar, such as its pattern speed, mass, orientation, and axes, are still under debate and highly uncertain. The values chosen for this work are listed in Table 1 . The total mass in the bulge is estimated to be between 1.4 − 1.7 × 10 10 M (Bland-Hawthorn & Gerhard 2016). For our models, we assume that the total mass budget in the bulge is 1.6 × 10 10 M . Adopting the values used in Jílková et al. (2012), we assume that the bar mass is 0.98 × 10 10 M and the rest of the mass budget (0.62 × 10 10 M ) is in the classical spheroidal bulge. We chose to model the bar with a majoraxis half-length of 3.14 kpc, and the three-dimensional axial ratios, based on arguments presented in Pichardo et al. (2004) , are 1:0.37:0.256. The pattern speed of the bar is also uncertain and values in the range 40 − 70 km/s/kpc have been quoted in the literature (see Bland-Hawthorn & Gerhard (2016) Spitzer & Schwarzschild (1951 , 1953 proposed that interaction with GMCs could contribute to the vertical heating of the stellar disk. Consequently, for a realistic model of the Milky Way potential, GMCs must be included as they play an important role of heating in the disk. The procedure to model giant molecular clouds in our simulations is similar to that of Gustafsson et al. (2016); Aumer et al. (2016) . The first tunable parameter in our GMC model is the number of GMCs at z = 0 in the Galactic disk. McKee & Williams (1997) and Nakanishi & Sofue (2003) find a total galactic molecular mass of approximately 10 9 M . The number of GMCs at z = 0 in the disk is consequently assumed to be 2500 based on the mass function in (Eq. 12). We assume that all the molecular gas mass is distributed in GMCs. In the past, the number of GMCs would likely have been higher due to a higher star formation rate density. For this work, we simply set the number of GMCs as proportional to the SFR at the lookback time divided by the SFR at z = 0. This simple prescription is plausible since we would expect the Σ GMC to trace the Σ SFR based on the Kennicutt-Schmidt law (Bigiel et al. 2008; Kennicutt & Evans 2012) for cold molecular clouds, as follows:
where α KS = 1.0. The mass of the GMC is randomly chosen from the following distribution function (Hopkins et al. 2012) with the SFR fraction added to encapsulate the time evolution of the number of GMCs:
where the upper GMC mass limit is 10 7 M and the lower mass limit is 10 5 M and SFR 0 is the star formation rate at z = 0. The number of GMCs is plotted as a function of time in the top center panel of Figure 1 . Now that we have the mass and the number of GMCs as a function of time, we need a prescription for where they will be initialized. The number of GMCs spawned in the galaxy at a given time as a function of galactocentric radius is proportional to the star formation rate as a function of radius at a given time (more on this in Section 2.3). However, we limit this range to 2 kpc< R GC < 10 kpc due to the dearth of GMCs at larger radii in the case of no truncation.
In Milky Way-like galaxies, GMCs are preferentially found near spiral arms. To mimic this effect, given a radial annulus and the number of GMCs to be initialized in that annulus, we first find the cylindrical φ sp,max of the two overdensities in that annulus due to the two spiral arms. The number of GMCs is then evenly split between the two spiral arm overdensities. φ GMC,birth is determined by drawing from a Gaussian centered on φ sp,max with a width of 30 degrees and R GMC,birth is chosen uniformly from the width of the radial annulus. The clouds are initialized in nearly circular orbits around the galaxy with a velocity dispersion ellipsoid of 7 km s −1 (Larson 1979; Stark 1984) .
The mass evolution of the GMCs is modeled parabolically with half their lifetime spent growing in mass and the other half losing mass (following Krumholz et al. 2006; Goldbaum et al. 2011) . Each GMC is active in the simulation for roughly a few free-fall times of the cloud, i.e. 40 Myr, with a mass increasing to a value M GMC,max in 20 Myr, and then decreasing to zero in another 20 Myr. The exact form of this parabolic evolution is:
where t 0 is the formation time of the GMC and t is the current time in the simulation. The radius evolution of a GMC given its mass is given by Hopkins et al. (2012) :
Given the mass and the radius, we choose to represent the GMCs as simple Plummer spheres (Plummer 1911) in the simulation. With the full GMC model at hand, at any given time in the simulation, we know how many GMCs there are, where they are, and how large they are. However, calculating the force on a given test particle due to all these GMCs turns out to be computationally prohibitive. Instead, we choose to represent all GMCs present at a given snapshot in the simulation in a kD-tree, allowing us to only focus the force com- The CMF evolution is prescribed using results from Escala & Larson (2008) . Top center: The global star formation rate (SFR) evolution of the simulated galaxy derived from the star formation history (SFH) of a Milky Way-sized halo from Behroozi et al. (2013) . The black dashed line shows how long we "actively" dynamically evolve stars in the galaxy -all stars beyond 5 Gyr are assumed to completely phase-mixed and are instead modelled as a smooth background. The blue line shows the number of GMCs in the simulation, which traces the star formation rate. Top right: The circular velocity curve (Vc) that is obtained from the galactic potential model described in Section 2.2 and Table 1 putation on nearby GMCs. Given the position and velocity of a test particle, we sum up the forces due to all the GMCs in a 0.2 kpc radius sphere around the particle. This recipe leads to order of a percent-level force errors when compared to the actual force by summing over the contribution of every GMC's influence. We hope to improve this in the future by pre-computing the GMC force-field and using cubic spline interpolation to significantly speed up the force calculations.
Orbit Integration
We use a fourth-order symplectic integrator presented in Kinoshita et al. (1990) with a fixed time-step dt = 0.5 Myr to integrate particles in the potential. The reason for choosing this integrator over more popular integrators such as 4th Order Runge-Kutta or a higher order Dormand-Price adaptive time-step integrator is primarily for computational reasonsKinoshita's integrator requires fewer force calculations than Runge-Kutta and is more robust than a generic leapfrog integrator.
The time-step of the integrator will matter most in the case of GMC scattering. Since both GMCs and stars are set on nearly circular orbits, albeit with slightly different velocity dispersions, let us assume that the velocity difference between a random GMC and a star is ∆V = 10 km s −1 ≈ 10 pc/Myr.
Since the typical diameter of a GMC is ≈ 40 pc and the fiducial time-step is 0.5 Myr, we resolve the GMC-star interaction 8 times as the star crosses the GMC (dt = 1 8 t cross ). Moreover, we do not expect close encounters such as the one described above to be the primary scattering mechanism in our simulations. As described in Gieles et al. (2006) , in a Milky Way-like galaxy, we expect that the disruption of clusters due to GMC interactions mostly happens over much longer timescales due to repeated interactions with GMCs at longer ranges rather than due to single head-on encounters.
Star Formation History
We now describe the model for the star formation of the simulated galaxy. The SFH of the solar neighborhood has been well-studied (e.g., Twarog 1980; Bertelli & Nasi 2001; Cignoni et al. 2006) , with studies suggesting a rather flat SFH over the past 8 Gyr. However, the global SFH of the Milky Way is not as well understood. Instead of recreating the Milky Way's exact SFH, we choose to model the simulated galaxy's SFH based on subhalo abundance matching in cosmological simulations. In particular, we use the following parameterized SFH from Behroozi et al. (2013) assuming a virial mass of 10 12 M : Ting et al. (2015a) found that the values A = 15.5M yr −1 , B = 2, and C = 2.7 Gyr fit the evolution of the stellar mass surface density at the Sun's location best, and therefore those are the values adopted in this work. The normalization is adjusted to make sure that the total stellar mass agrees with M z=0 = 4.5 × 10 10 M . For the purposes of the work presented in this paper, we only evolve stars born in the mass range [0.5, 1.5]M , which account for roughly 18% of the stars in a stellar population if we assume a Kroupa IMF with a low mass limit of 0.08M and a high mass limit of 100M . The mass range [0.5, 1.5] M encompasses the bulk of the stars that we are interested in. More massive stars are both rare and short-lived, while less massive stars are too faint to have high quality Gaia parameters over a significant volume.
The radial growth of the Milky Way is specified using the relation found observationally by Van Dokkum et al. (2013) while studying nearby Milky Way-like galaxies:
Unfortunately, the scale length of the star formation rate is a significantly harder quantity to constrain for the Milky Way. Most of our constraints are for the stellar disk scale length but not the SFR scale length. Consequently, like T15, the SFR scale length is adopted from the extragalactic study of NGC 6946 (Schruba et al. 2011 ), a Milky Way-like galaxy, and is assumed to be 2.6 kpc at z = 0. The evolution of this scale length is assumed to trace the evolution of the effective radius of the Milky Way, which is proportional to M 0.27 (Eq. 16). T15 showed that the form showed in Eq. 16 coupled with an analytic model for radial migration (Freeman & Bland-Hawthorn 2002) leads to a reasonable value of the scale length of the stellar disk indicated that the chosen SFR scale length is a robust choice.
Star Cluster Model
In this section we describe our model for how individual stars are initialized into clusters, a subgrid model for mimicking intra-cluster N-body interactions, and a simple recipe for star cluster disruption. The fundamental assumption of our star cluster model is that all stars born in the disk are born in bound or unbound star clusters (Lada & Lada 2003) . We discuss this assumption in detail in Section 5 and leave the exploration of alternative clustered star formation recipes for future work.
Mimicking N-body Dynamics with Test Particles
The computational cost to perform direct N-body simulation of the entire Galactic disk is not currently feasible. The largest such simulations are of the order 10 6 M (e.g., Wang et al. 2016) but that is nowhere near the dynamic range needed to simulate the whole Galaxy on a star-by-star basis. Moreover, the transition between gas-rich and gas-free clusters is poorly understood (Krumholz et al. 2018) , and hence choosing realistic initial conditions is challenging and ultimately requires ab initio hydrodynamic simulations, driving the computational cost even higher. We have therefore decided to simulate the dynamical evolution of the galaxy with orbit integration of test particles coupled to a method of initializing the clusters in a way that roughly approximates their evolution in the disk.
In order to set the initial conditions of the star particles, we ran a series of N-body star cluster simulations in the galaxy potential described in Section 2.2 using the Astrophysical MUltipurpose Software Environment (AMUSE) framework (Portegies Zwart 2011). AMUSE is meant to couple different astrophysical simulation codes to evolve complex systems involving physical processes of very different scales (Whitehead et al. 2013) . For this work, we combine an N-body code (NBODY6; Aarseth (1999)) with a model for the galactic potential that was described above in Section 2.2. We use the ROTATING BRIDGE (Fujii et al. 2008; Martínez-Barbosa et al. 2014) package to interface the intracluster Nbody forces and the tidal field of a galaxy with rotating, nonaxisymmetric components. The reader is referred to Appendix A of Martínez-Barbosa et al. (2014) for a thorough explanation of ROTATING BRIDGE.
We use the phase space density as our primary metric to compare the evolution of star clusters between a full N-body calculation and a test particle calculation. The numerical calculation of phase space densities is described in Section 2.8. Figure 2 shows the phase space density evolution for clusters of different masses for the fully self-consistent N-body case and the test particles case. The figure shows the mean of the phase space densities of 10% of particles with the highest phase space densities since we want to compare the most bound parts of the two clusters (we find no qualitative differences when we use the median of the phase space densities of all particles as opposed to the top 10% mean). As we can see in the top panels, due to self gravity, the N-body cluster stays bound for longer than the test particles cluster. In order to mimic the effects of self-gravity, we undervirialize the star clusters in the test particles case. The virial ratio, Q, is defined as: Q = T |W | , where T is the kinetic energy of the ensemble and W is the potential energy (Q = 0.5 implies virial equilibrium). After numerous experiments, we found that setting Q = 0.3 led to behavior that more closely resembled the N-body calculations (shown in the bottom panel).
The approach presented here carries obvious limitations. However, there are a variety of potential enhancements to the simple model presented here that are subject of future work. One could, for instance, set the undervirialization to be a function of the mass of the star cluster and its birth galactocentric radius. A thorough exploration of these recipes is left for future work. It is also worth emphasizing that this test is carried out in isolation with only stars and no gas. However, star clusters are born in gas clouds and, as discussed in the Introduction, the transition from gas-rich to gas-free population of clusters is still uncertain. As we will see later in this section, the virializations (and, consequently, the velocity dispersions of clusters) will need to be further modified to realistically mimic star cluster disruption in the Milky Way.
Cluster Mass Function
The cluster mass function (CMF) plays a critical role in determining the clumpiness of phase space and chemical space in the Milky Way disk. Following Lada & Lada (2003); Ting et al. (2015a) , we characterize the CMF with the power law:
Figure 2. Mean phase space density as a function of time comparing direct N-body (black) to test particle integration (blue) for different star clusters of different masses. The phase space densities are computed using EnBiD (Sharma & Steinmetz 2006) . The top panels show the test-particle clusters initialized in virial equilibirium (Q = 0.5) and the bottom panels show test-particle clusters initialized slightly undervirialized (Q = 0.3). The N-body calculations are the same in the top and bottom panels. The top panels show a significant disagreement in the evolution of the phase space densities at early times -star clusters modeled self-consistently are more bound whereas the test particles disperse quickly. In contrast, the undervirialized clusters in the bottom panels show much better agreement with the direct N-body calculations.
where α = 2. The lower mass cutoff for the fiducial model is fixed to be 50M . The higher mass cutoff has a dramatic impact on the clumpiness in both the phase space and chemical space of the Milky Way. The largest open clusters observed in the Milky Way today are Westerlund 1 (Brandner et al. 2008) , Berkeley 39 (Bragaglia et al. 2012) , and Arches (Espinoza et al. 2009 ), all with a mass few times of 10 4 M . Consequently, following T15, we conservatively choose the high mass cutoff at z = 0 to be 10 5 M (similar also to BlandHawthorn et al. (2010)'s choice of 2 × 10 5 M ) to compensate for rapid mass loss at very early ages.
The evolution of the CMF over time is less certain. Escala & Larson (2008) present a model to approximate the maximum cluster mass by studying the gravitational instabilities in disks. They found that we can estimate the evolution of the maximum cluster mass using the relation
where η =
Mgas
Mgas+M and M gas (t) is the evolution of the gas mass of the Milky Way. We assume M dynamical = M * because we assume the Milky Way is mostly "maximal", i.e., the potential is dominated by stellar mass in the disk. Assuming the gas surface density at the Sun's location to be Σ(R 0 , z = 0) = 13M /pc 2 (Flynn et al. 2006 ) and the scale length R gas = 4.2 kpc (Schruba et al. 2011) , the total gas mass in the Milky Way at z = 0 is 9.7 × 10 9 M . Given this, we can calculate the evolution of the gas mass M gas (z) using the Kennicutt-Schmidt relation with α KS = 1.5 and the SFR evolution described in the previous section. The value for α KS is higher here compared to the value presented in Section 2.2.4 for GMCs since the latter is for cold molecular clouds and the former is the disk-averaged star formation law (Kennicutt & Evans 2012). The normalization for this relation is set by fixing the maximum cluster mass to 10 5 M at z = 0 as discussed above. The evolution of the CMF high mass cutoff is shown in the upper left panel of Figure 1 .
Given the SFR as a function of radius and time and the cluster mass function as a function of time, the galaxy is split up into annuli of 0.1 kpc and the number of stars formed in each annuli based on the SFH is divided by the average mass of stars in a cluster (around 500M for a CMF cutoff of 10 6 M ). This quantity gives us the approximate number of star clusters to be initialized. The clusters in each annulus are then drawn from the CMF shown above.
Cluster Structure & Early Evolution
As discussed in the Introduction, the initial conditions of star clusters in the disk is highly uncertain and hotly debated due to the uncertainties in the transition between the gasdominated and the gas-free phase and the scale of the structure of the ISM (e.g., Lada & Lada 2003; Goodwin & Bastian 2006; Baumgardt et al. 2008; Pfalzner 2009; Bressert et al. 2010; Assmann et al. 2011; Parker & Meyer 2012; Kuhn et al. 2014; Pfalzner et al. 2014; Longmore et al. 2014; Elmegreen 2018) . To recap, the classical view is that most star formation happens in clustered environments ("embedded clusters") and these evolve into classical open clusters after gas expulsion. Lada & Lada (2003) found that only a small fraction survive the embedded phase (the "infant mortality" scenario), where around 90% of all star clusters are disrupted on very short timescales (< 10 Myr). However, recent work (e.g., Bressert et al. 2010; Kruijssen 2012; Elmegreen 2018 ) argues for a hierarchical, spatially correlated ISM. The structure of the ISM in this scenario implies that instead of 90% of star clusters being disrupted instantly after being born, 90% of the stellar mass is in the unbound part of the hierarchical structure and escapes soon after gas dispersal. For the rest of this work, we assume the classical Lada & Lada (2003) view, where all stars are born in either bound or unbound clusters and the existence of a lower mass cutoff for the CMF. In future work, we plan to model the spatial structure of a hierarchical ISM to compare these two scenarios in detail.
To initialize a star cluster in the galaxy, we require three parameters: the mass of the cluster, the radius of the cluster, and the virial ratio of the cluster, Q, which sets the internal velocity dispersion. The CMF and the SFR provide us with the masses of the star clusters born in the galaxy. However, determining the initial radii of star clusters is rather complicated. There are broadly three different kinds of young star clusters that have been observed in the Milky Way: (1) embedded clusters, (2) associations (leaky clusters in Pfalzner (2009)), and (3) young massive clusters (< 10 Myr and >1000 M pc −3 ). The formation channels of these different types of clusters is still debated and the distinctness of these different types is contested (e.g., Pfalzner 2009). However, since these different clusters have a different imprint on the mass-radius relation of clusters in the Milky Way, we choose to model them separately for the sake of simplicity. Broadly, embedded clusters evolve into classical open clusters if they survive gas expulsion. If they do not survive gas expulsion, they are unbound from very young ages and dissolve in the galaxy much quicker. Young Massive Clusters (YMCs; referred to as starburst clusters in Pfalzner et al. (2014) ) are very high mass, compact clusters. YMCs are common in nearby starburst galaxies but only a handful are observed in the Milky Way today. Observational studies suggest that YMCs are bound (e.g., Longmore et al. 2014) . Finally, associations (leaky clusters in Pfalzner et al. (2014) ) have a mass similar to YMCs but are orders of magnitude less dense. Most associations are thought to be unbound. Gieles & Portegies Zwart (2011) argue that the distinction between an open cluster and an association can be determined by the ratio: t age /t dyn -if the ages of the stars are greater than the dynamical time of the system, the stars must be bound. Figure 3 shows the observed mass-radius relation compiled in Fujii & Zwart (2016) for clusters with ages less than 5 Myr. The red dots show classical embedded clusters, the blue dots show associations, and the green dots show YMCs. There is a lot of scatter in this parameter space for two primary reasons: (1) different regions in this space are sensitive to different feedback mechanisms (reviewed in Krumholz et al. 2018) , and (2) the observational difficulty associated with defining an embedded cluster while it is still in its natal cloud. Consequently, for the purposes of this work, we use the simple parameterized mass-radius relations presented in Fujii & Zwart (2016) (FPZ hereafter) .
FPZ argue that associations (M > 10 4 M ) and smaller embedded clusters (M < 10 4 M ) lie on the same mass-radius track and YMCs (M > 10 4 M ) lie on a different mass-radius track because YMCs are much denser. The mass-radius relation for associations and embedded clusters derived in FPZ is given as:
where M is the mass, r h is the half mass radius, and t dyn is the dynamical time. Further details on how this expression is derived can be found in FPZ. For young massive clusters, the mass-radius relation is more involved to derive due to the different physics at play before core collapse and after core collapse. After making some simplifying assumptions and using results from Gieles et al. (2011) , FPZ arrive at the approximate the mass-radiusage trend for young massive clusters:
Further details on how this expression is derived can be found in FPZ. Equation 19 & 20 are both plotted in Figure 3 from 1 < t < 5 Myr (shown as the shaded regions in different colors for the different types of clusters). The relations are in broad agreement with observations. The above describes how one could pick an initial radius for the three different types of clusters given a mass. However, to initialize the cluster in phase space, we need a value for the virialization parameter. In Section 2.4.1, we demonstrated that slightly undervirializing test particles in a cluster broadly reproduces the phase space evolution of clusters with different masses. However, from Lada & Lada (2003), we expect that not all of the initialized clusters will end up bound ("infant mortality") due to gas expulsion. We need a metric that can dictate what proportion of star clusters end up bound and what proportion end up unbound.
First we consider clusters with masses greater than 10 4 M . Since YMCs require such a high surface density, they are only really found in the inner parts and the spiral arms of a Milky Way-like galaxy. There is strong evidence for YMCs being bound systems from very young ages (Longmore et al. 2014) . In contrast, Portegies Zwart et al. (2010); Gieles & Portegies Zwart (2011) argue that associations are unbound from birth.
Consequently, we use the cluster formation efficiency (CFE) as our primary constraint on the proportion of star clusters above 10 4 M that are bound (are initialized on the YMCs track) and that are unbound (are initialized on the associations track). The CFE is just the fraction of star formation that occurs in bound star clusters (e.g., Bastian 2008; Goddard et al. 2010; Kruijssen 2012) . For M > 10 4 M , we assume a fidcuial value of 10% for the CFE -10% of star clusters above that mass will be initialized on the YMC sequence and the other 90% will be initialized on the associations sequence.
Since we expect some variation in how YMCs evolve, we initialize bound YMCs with virializations drawn from the gaussian N (Q = 0.3, σ Q = 0.1). To initialize unbound clusters due to gas expulsion, we choose a broad spread for the overvirializations with the gaussian N (Q = 1.0, σ Q = 0.3) using arguments similar to those used in previous works (Baumgardt & Kroupa 2007) . Early N-body simulations overvirialized star clusters based on an effective star formation efficiency given by = M * Mgas+M * . After gas expulsion, making the crude assumption that M gas is completely removed on a very short timescale, we can clearly see that the new kinetic energy T = T and the potential energy W = 2 W . Therefore, the virial ratio can be chosen based on the relation Q ∝ 1 . The effective star formation efficiency is highly uncertain due to different feedback mechanisms. The chosen virialization distributions roughly correspond to a mean effective star formation efficiency of 0.3 with a large scatter that accounts for the different strengths of feedback processes.
For clusters with masses less than 10 4 M , there is not a clear distinction between the bound/unbound sequence in the mass-radius plane like for the high mass clusters. FPZ argue the radius as a function of mass and age for embedded clusters (M < 10 4 M ) is the same as for associations (Eq.19). Figure  3 shows this mass-radius relation. However, if we assume that the mass-radius relation for embedded clusters is the same as for associations, which were all initialized as unbound, we need to increase the bound fraction for the smaller embedded clusters to account for this discrepancy, since we know from observations that embedded clusters do end up evolving into bound systems (open clusters).
Consequently, we choose a 20%/80% split between bound and unbound clusters for these smaller clusters. More specifically, we initialize star clusters with M < 10 4 M with a virialization N (Q = 0.3, σ Q = 0.1) 20% of the time (a lot of these systems will evolve into classical open clusters) and with N (Q = 1.0, σ Q = 0.3) 80% of the time (a lot of these systems will get phase-mixed on very short timescales). Another reason for a slightly higher fraction of bound systems compared to more massive systems is that YMCs are exceedingly rare in Milky Way-like galaxies (Portegies Zwart et al. 2010 ) (especially in the last 5 Gyr, the timescale for which we dynamically evolve stars) implying that a higher bound fraction for smaller clusters is warranted. The impact of parameterizing the bound fraction as a function of environment that the star cluster was born in and how long ago it was born will be explored in future work. The different virial ratio distributions for the clusters in the two different mass bins are shown in Figure 4 . The different weighting of the gaussian distributions leads to about 8% of star clusters with masses greater than 10 4 M and about 11% of star clusters with masses less than 10 4 M to have virial ratios less than Q = 0.3. Now that we have a mass, radius, and virialization, we can initialize all the stars belonging to a cluster into a Plummer sphere.
Cluster Orbit Initialization
The stars belonging to a cluster are initialized with a Kroupa IMF (Kroupa 2001) from 0.08 M to 100 M . They are then placed in a nearly circular orbit around the galaxy. The birth velocity dispersion as a function of time in the simulation to be added to all the stars belonging to a cluster, similar to Aumer et al. (2017) is given by:
where σ 0 = 51 km s −1 , t 1 = 1.57 Gyr. The input velocity dispersion is shown in the top left panel of Figure 5 as the grey line. σ CL (z = 0) ≈ 8 km s −1 . The specific velocity dispersions are given by σ r = σ 0 = σ z = √ 2σ φ . As discussed in Aumer et al. (2017) , the motivation for this age-velocity dispersion relation comes from Wisnioski et al. (2015) , who studied the observed Hα dispersions and found σ Hα ∝ (1 + z) for disk galaxies in the KMOS3D survey. The power law came from an approximation to this proportionality under the crude assumption that the kinematics of young stars follow Hα kinematics.
Chemistry
An important aspect of the model is having realistic multidimensional chemical abundances for the stars in the simulation. In principle, one could model chemical evolution to pre-dict the chemical abundances of stars (e.g., Kobayashi et al. 2006) , but due to uncertainties in models and since these models only provide tracks but do not allow us to sample from the full multidimensional abundance space, we choose a semiempirical approach instead.
We fit a Gaussian Mixture Model (GMM) with 40 components to all of the APOGEE stars with abundances derived using the Payne ). Formally, a GMM is a linear mixture of individual multivariate Gaussians defined as:
where π k are the mixing coefficients which all add up to 1 and K is the number of multivariate Gaussians in the GMM. The optimal values for the means and covariances of each GMM component are found using the expectation maximization implemented in SciKit-Learn (Pedregosa et al. 2011) .
The procedure for deriving the chemical abundances is as follows: an empirical relation for [Fe/H]-age-radius is adopted from Frankel et al. (2018) shown in Figure 1 , which is based on fitting the APOGEE red clump sample. Using the fitted GMM and given a star cluster's birth time and birth radius, one can then determine the [Fe/H] from the Frankel relation. To get abundances for other elements, we sample from the conditional distribution given a value for [Fe/H]; since the GMMs are comprised of multivariate normals (MVNs), this conditional distribution also turns out to be an MVN, making the computation straightforward. We can write the conditional distribution for each component k as (where x B =[Fe/H]):
Consequently, the total conditional distribution can be written as:
Using the technique described above, each star cluster is given its unique chemical tag. The fiducial uncertainty in the abundances is assumed to be 0.03 dex but we vary this value to study the impact of precision on the recoverability of stars born in the same cluster. Moreover, individual abundance uncertainties are assumed not to be correlated. However, as shown in Ting et al. (2015b) , due to the large dimensionality of the chemical space, if the covariances are not taken into account, the effective uncertainty could be much smaller. Lastly, the chemical model presented above does not take into account the spatiotemporal correlation between abundances of star clusters as discussed in detail in Krumholz & Ting (2017) . These model enhancements will be the subject of future work.
Background Population
The model now has most of the pieces assembled: a realistic potential, SFH, chemical model, and a star cluster formation and disruption model. Due to computational constraints and the breakdown of our assumptions at higher redshift (for e.g., no mergers), we choose to run the simulation for the last 5 Gyr in the disk. The number of stars in the mass range [0.5, 1.5] M is approximately 4 × 10 9 . Running the simulation for this long takes approximately 400,000 CPU hours with most of the time-consuming code optimized with Cython.
We add older stars (5 to 12 Gyr) by making the assumption that they are completely phase mixed. Consequently, instead of dynamically evolving these stars, we simply add them as a "smooth" background. The same procedure of spawning star clusters based on the SFR in the disk, drawing from the cluster mass function, and placing them in the galaxy described above is used to create the background. The only difference here is that the stars born in a single cluster are not placed in that singular location in the galaxy. Accounting for radial migration and the eventual phase-mixing, the stars in a given cluster spawned for the background are randomly placed between an annulus determined by its birth radius and the average radial migration given by the following formula from Frankel et al. (2018):
The azimuthal angle for the stars are randomly assigned. The thin-disk/thick-disk transition is heavily dependent on the merger history of the Milky Way. Since the merger history of the Milky Way is actively under debate, we assume that the scale height of the galaxy as a function of age roughly increases proportional to the age from 200 to 900 pc (Bovy et al. 2012 ). However, we know from simulations (Martig et al. 2014; Minchev et al. 2016 ) that the disk is flared at old ages ages and large radii. The approximation that the scale height varies smoothly at the solar radii and lower radii though is a reasonable one. Chemistry is assigned using the method in Section 2.5 -using the [Fe/H] -radius -age relation and drawing from the GMM. Choosing velocities for the background stars is not straightforward since the form for the initial velocity dispersion shown in Eq. 21 is for stars that have just been born and not stars that have already been dynamically heated. Consequently, we adopt velocity dispersions as a function of age for the background from Holmberg et al. (2009) since the background is a static population and not dynamically evolved.
A Mock Catalog of the Solar Neighborhood
In order to compare the simulations to observations, we must take into account various selection effects and observational uncertainties. Here we focus on reproducing a Gaia DR2-like solar neighborhood observation.
To mimic observational selection effects it is necessary to model the photometry of the simulated stars. Given masses of the stars in each cluster from Section 2.4.4 and the age and [Fe/H] from Section 2.5, we use the MIST stellar evolutionary tracks (Choi et al. 2016 ) to predict the stellar surface temperature, surface gravity, and luminosity. We then use bolometric corrections based on the C3K stellar library (Conroy et al., in prep) to predict the stellar absolute magnitudes in a num- ber of common photometric systems including the Gaia DR2 revised passbands. For the purposes of this work, we restrict our sample to the solar neighborhood and make a magnitude cut to directly compare to Gaia DR2 stars with radial velocities. In particular we first select all stars within a 1.0 kpc sphere of the solar position (−8.2, 0.0, 0.027) kpc. Gaia DR2 contains the radial velocities for about 7 million stars with G ext RV S < 12 -to mimic this selection, we calculate G ext RV S using the Tycho color transformations presented in Sartoretti et al. (2018) and make the same cut.
For bright stars (most of our sample), the error in the parallax and proper motion can be approximated by a simple error floor of 0.04 mas and 0.07 mas yr −1 . The dependence of radial velocity uncertainty on magnitude is estimated directly from the Gaia data (Katz et al. 2018) . The dependence of uncertainties on the Gaia scanning law is ignored for this work. Detailed modeling of the observational uncertainties in the simulations is not necessary for the qualitative comparisons we make in this present study and is therefore left to future work.
To capture the variance in structure at different azimuths but the same galactocentric radius, we create 18 different solar neighborhoods all separated by 20 degrees but centered at the same galactocentric radius.
Calculating Phase Space Densities
A key metric that we will use in the paper is the coarse grained phase space density ( f ) of stars. f is the mass density in a finite six-dimensional volume defined by d 3 xd 3 v, centered on the phase space position of a star at (x, v). Phase space density has proven to be a powerful metric when studying substructure in the halo (Helmi et al. 2002; Hoffman et al. 2007 ), but has not really been used to study structure in the disk. The results presented in this paper utilize EnBID (Sharma & Steinmetz 2006) , which builds upon Ascasibar & Binney (2005) , to numerically calculate the phase space densities.
At the heart of EnBID's density calculation is a binary space partitioning tree. Instead of assuming a priori a metric for the multi-dimensional space, EnBID provides a locally adaptive metric using a binary space partitioning tree and an entropybased splitting criterion. The smoothing for the densities is done using SPH-like kernel-based methods.
Variants of the Simulation
Many assumptions are made about the Milky Way disk to construct the model described above. The goal of our work is to test these assumptions using a combination of Gaia DR2 combined with ground-based spectroscopic surveys. In that vein, we have run three simulations in total:
• The fiducial simulation with all the model ingredients described above: clustered star formation and realistic disk gravitational potential.
• A simulation with an axisymmetric gravitational potential and with clustered star formation. The setup of the axisymmetric simulation is almost identical to the fiducial simulation with one key difference: the non-axisymmetric components of the potential are redistributed into axisymmetric components. Specifically, the mass of the bar is added to the bulge and the mass in spiral arms is added to the axisymmetric disk.
The axisymmetric simulation does not include GMCs for two reasons: (1) the primary role of GMCs in our simulations is that of perturbers, and (2) star clusters are not born inside GMCs in the simulation. Consequently, the "disruptedness" of star clusters in the axisymmetric simulation depends only on the cluster dissolution model and not on any (large-scale or small-scale) scattering due to the potential.
• A simulation with non-axisymmetric perturbations (with bar & spiral arms) but with no clustered star formation (NCSF simulation hereafter). Instead of forming stars within clusters, we form them as above but in N = 1 systems. Since there are no clusters to dynamically heat up in this case, the small-scale scattering will have a pretty minor role on the resulting dynamical properties of the disk. Consequently, since running a model with GMCs is five times more computationally expensive than without, we choose not to include them in the NCSF simulation as well.
GLOBAL PROPERTIES OF THE SIMULATED GALAXY
3.1. Model Validation In this section we compare several global properties of the simulated galaxy to observations of the Milky Way. Among them, the ones that we consider in this work are: the agevelocity dispersion relation (Holmberg et al. 2009 ), the age-J z relation , the stellar surface density profile (Rix & Bovy 2013) , the metallicity distribution function (MDF) in the solar neighborhood (Hayden et al. 2015) , structure in the U-V plane, and structure in the action-angle plane. In this section we focus on the solar neighborhood sample described in Section 2.7.
The age-σ z relation provides an important observational constraint, since it has been shown that bluer and therefore younger populations have smaller velocity dispersions in all directions compared to the redder, older populations (Holmberg et al. 2009 ). The top-left panel of Figure 5 shows the age-σ z relation for stars in the different solar neighborhoods. The black points show observations from the Holmberg et al. (2009) , the grey line shows the input velocity dispersion, and the different lines show the different neighborhoods at the solar radius but different azimuthal angles. The selection function of the Geneva-Copenhagen Survey age-σ z relation is not systematically taken into account but the effect on the immediate solar neighborhood is likely minimal. From this plot, it is clear that the age-σ z relation that is obtained from the fiducial simulation is consistent with what we see in the Galaxy today.
A caveat to using the age-σ z relation to assess our GMC scattering model is that heating is often complicated by the overall secular evolution of the disk and radial migration. argue that the age-J z relation is perhaps more robust, since J z is an adiabatic invariant under gradual changes of the potential. The top right panel of Figure 5 shows this plot. The data are the black dots from a Gaia DR2 and APOGEE cross-match with the same cuts that were applied to the simulations and the different lines are the different solar neighborhoods. We can see clearly that the slope of the lines and the end-points are not quite the same. Taken at face value, this comparison seems to suggest that the scattering in our models is not quite as strong as data suggests. A possible source of this discrepancy could be underestimating the number of GMCs at z = 0. The total mass in GMCs in the The fiducial simulation, which has both clustered star formation and non-axisymmetries in the potential. We can see both the resonances due to the spiral arms and the bar and individual star clusters being disrupted in the galaxy. Middle panel: The axisymmetric simulation, which has clustered star formation but no non-axisymmetries in the potential. The face-on projection is very clearly rich with structure of disrupting star clusters. This simulation presents an extreme control case where structure due to star formation dominates over structure due to non-axisymmetries. Right panel: Simulation with no clustered star formation and non-axisymmetries in the potential. This simulation presents a control case where structure due to resonances by non-axisymmetries dominates over structure due to disrupting star clusters. The blue dotted circle shows the corotation radius of the spiral arms in our simulation (approximately at 9 kpc) and the red dotted circle shows the corotation radius of the bar (approximately at 5 kpc). The smaller red dotted circles show the inner Lindblad resonance and the outer Lindblad resonance of the bar. The R OLR,bar and R corot,spiral overlap, which has been shown to be a powerful possible mechanism of radial migration.
disk, which controls the number of GMCs that are spawned in the disk, is a somewhat uncertain quantity with some studies (Solomon et al. 1979) implying that the number could be as high as 4000 (60% greater than our fiducial value). More GMCs would imply a stronger force field and, consequently, stronger scattering.
The bottom left panel shows the stellar mass surface density profile of the simulation and an exponential profile with a scale length of R s = 2.2 kpc (Rix & Bovy 2013) calibrated to a solar stellar surface density value of 38M pc −2 . The light grey highlighted regions reflect the uncertainty in the value of R and Σ(R ) (Bland-Hawthorn & Gerhard 2016). As is clear from the plot, the surface density profile of the simulation at the solar radius agrees well with an exponential profile with a R s = 2.2 kpc scale length. This observational test reaffirms that the SFH of the simulation, the potential of the simulation, and the background model are broadly consistent with that of the Galaxy.
The bottom right panel shows the comparison of the metallicities of stars that end up in the solar neighborhoods in the simulation with APOGEE stars in the solar neighborhood. The catalog used for the metallicity values for APOGEE is from ) and the same cuts applied in Hayden et al. (2015) were applied here (high SNR, cool, giant stars). We see an offset in the simulation metallicities of about -0.1 dex at higher metallicites; i.e., stars in the simulation at the solar radius are more metal-poor than expected. The most likely explanation for this discrepancy is weaker radial migration than expected (Minchev et al. 2013) . Radial migration leads to inner-Galaxy, metal-rich stars migrating outwards due to a variety of dynamical effects discussed earlier. In the case of our simulation, we do not have transient spiral arms, which are much more efficent at radial migration. More quantitatively, for stars about 5 Gyr old in our simulations, we find that the < R − R birth > for stars that end up in the solar neighborhood is about 1.5 kpc. Frankel et al. (2018) argue for a higher radial migration of roughly 2.8 kpc for stars of a similar age (Eq. 28). However, the standard deviation of the simulation [Fe/H] and the APOGEE metallicities is almost identical at 0.24 dex and 0.25 dex respectively. We expect that the modest 0.1 dex offset to have little effect on the main conclusions and prediction presented in this work.
Phase Space Signatures of Clustered Star Formation
In this section we discuss the phase space signatures of clustered star formation. In Figure 6 we provide an overview of the structure in the three different simulations described in Section 2.9 in the x-y and x-z projection. The left panel shows the fiducial simulation that includes all the model recipes described in Section 2, the middle panel shows the axisymmetric potential simulation, and the right panel shows the no clustered star formation simulation. There are very clear differences between the three models.
As one would expect, the axisymmetric simulation (center panel) shows many disrupting star clusters scattered all throughout the galaxy. Since this simulation does not have any large-scale scattering processes influencing individual stars, a lot of the structure due to star formation we see is more intact than one would expect in a realistic galaxy. Instead, the spread that we see in the distribution of the stars from the same cluster is solely through the cluster disruption recipe described in Section 2. The axisymmetric simulation provides an extreme limiting case for the amount of smallscale structure expected in the galactic disk. In the absence of non-axisymmetric components, the original stellar associations are readily identifiable simply from their positions in the configuration space
The simulation with no clustered star formation (right . Solar neighborhood action-angle plane for the three different simulations presented in this work including the fiducial simulation (left), axisymmetric simulation (center), and no clustered star formation (right). Recent work has shown rich structure in action-angle space in the solar neighborhood. This set of plots shows the radial oscillations Jr as a function of the angular momentum in the z-direction (Lz). The stars shown here are only the ones that are dynamically evolved in the simulations (ages less than 5 Gyr). The fingerprint-like structure in the right panel (NCSF simulation) is likely due to spiral arm and bar resonances -similar structure is also visible in the fiducial simulation but it is less prominent.
panel) is the limiting case where every star is born by itself, in a galaxy with two strong non-axisymmetric components. Consequently, any clumping or noticeable structure in phase space is solely due to dynamical resonances and not to clustered star formation. Much of the smaller scale structure we saw in the center panel is completely smoothed out. The corotation radii for the spiral arms and the bar and the innner/outer Lindblad resonances (Binney & Tremaine 2011) for the bar are overplotted as well. The OLR of the bar and the corotation radius of the spiral arms overlap only 600 pc away from the solar position for the values we have chosen for the spiral arm and the bar pattern speed. Some have argued that the local velocity substructure in the solar neighborhood could be caused by the resonance overlaps of the spiral arms and bar (Monari et al. 2016) . Finally, the fiducial simulation is shown in the left panel. It is readily apparent that there are spiral arms and a bar in this simulation. However, we can also see thin banana-like overdensities that correspond to dissolving star clusters. The most important point to take away from this Figure is that we know that the Milky Way lies somewhere in the middle -we know that the Galaxy has clustered star formation and that the Galaxy has a bar and spiral arms. The ultimate goal of this project is to provide testable observational signatures that can help us get closer to recovering the history of the former using kinematics, chemistry, or both.
A more detailed comparison of the three model variants is presented in Figures 7 and 8 . Figure 7 explores the UV plane in the simulations, where U is the radial velocity positive in the direction of the galactic center and V is the tangential velocity in the direction of the galactic rotation. We focus on ages < 5 Gyr as those are the stars that are dynamically evolved in the simulation. On the left is the fiducial simulation, in the middle is the axisymmetric simulation, and on the right is the NCSF simulation. The UV plane has a long history of being employed to find cold structures in phase space and has yielded considerable success (e.g., Dehnen 1998 ). The middle panel shows the structure in the UV plane when there is no large-scale or small-scale scattering due to the potential -in this case, there is clearly more structure preserved in phase space about clustered star formation. The right panel shows the structure in the UV plane when there is no clus- tered star formation and we can see no small overdensities but large-scale structure is visible. The fiducial simulation on the left panel has both large-scale and small-scale structure due to scattering by the potential and clustered star formation. Disentangling phase space structure at these two different scales motivates the simulations presented in this work. Figure 8 shows the radial oscillations, J r as a function of L z for the simulations. Similar to the previous plot, only dynamically evolved stars in the simulation (age < 5 Gyr) are included. Recent work (e.g., Trick et al. 2018; Sellwood et al. 2018) has shown the power of the action-angle framework in decomposing different dynamical signatures of the various components of the galaxy. The persistence of a strong vertical fingerprint in the NCSF simulation points to the resonance overlap mentioned above and similar signatures have been seen in different simulations (Sellwood et al. 2018) . Overall, we find similar structure as previous work but not quite as detailed and rich, likely due to the absence of complexity in our spiral arms and bar model and not evolving the full galaxy for 13 Gyr. Figure 9 picks out the ten clusters that contribute the most number of stars to the solar neighborhood today and shows them in the R.A.-Dec. plane, the UV plane, and the actionangle plane. Stars are color-coded by their metallicity. The top panel of this figure shows us the potential structure that dissolving star clusters could imprint on configuration space. This kind of structure would be very difficult to find given the dominant background stars and the scales at which stars are spread out (however, see Meingast et al. 2019 for recent examples). However, the bottom two panels show how phase space holds more information about co-natal stars both in the velocity plane and the action-angle plane. Moreover, the color-coded chemistry of individual star clusters also shows how chemistry could potentially add even more information. We now move on to studying the behavior of the simulations on smaller physical scales. One of the first questions that we can directly ask with the simulations is what are the demographics of stars present in the solar neighborhood today? The top panel of Figure 10 shows the mean and median number of stars that every cluster contributes to the solar neighborhood at z = 0 as a function of the age of the birth cluster. The bottom panel of Figure 10 shows the 2D histogram of the mean number of stars per cluster in the solar neighborhood today as a function of cluster mass and age. As one would expect, younger star clusters contribute more stars because they are likely less phase-mixed than older star clusters. In the lower panel, for the average cluster mass of 500M , we can notice from the plot that for ages above 1 Gyr, they only contribute ∼ 1 star to the solar neighborhood on average but below 1 Gyr, we are sampling more stars from clusters of this mass implying that there could be some discernible phase space signature of dissolving clusters in this mass bin. Figure  10 also shows that assuming stars > 5 Gyr (background stars) to be completely phase-mixed is a reasonable assumption.
However, Figure 10 does not tell us about whether stars born together are actually close together in phase space. Consequently, we would like to ask the question: how long does a cluster remain discernable in phase space? Figure 11 shows the binned mean phase space density of stars as a function of their age. We can see that young stars (< 2 × 10 8 yr) reside in overdense regions in phase space. This is not unexpected as a lot of this structure is dominated by star clusters in early stages of their disruption. More interestingly, there is a large age range where stars are above the mean phase space density but only marginally (2 × 10 8 yr < age < 10 9 yr), and beyond that, most stars are at or below the mean phase space density implying that they are well mixed with the field population. The second regime, where there is some information but not quite enough to pick out individual star clusters, is the more interesting one, since many stars fall in that regime. The question that we will focus on for the rest of the paper is how to find stars that were born together that have some information content in phase space but not enough for them to be trivially identified as bound clusters.
The bottom panels of Figure 11 show the UV plane for the different regimes discussed above. As expected, there is rich structure in phase space for the very young stars (bottom left panel) and no discernible phase space signature for phase mixed stars (bottom right panel). The presence of some discernible structure in the bottom middle panel shows the potential of being able to use phase space information to probe clustered star formation.
Structure in Kinematic & Chemical Space
In this section we explore the benefits of combining the information in phase space and chemical space in order to study clustered star formation. To quantify the structure in chemical and phase space in detail, we utilize Hierarchical DensityBased Spatial Clustering of Applications with Noise (HDB-SCAN) (Campello et al. 2013; McInnes et al. 2017) . HDB-SCAN builds upon DBSCAN, which is a popular densitybased clustering algorithm that uses a parameter called epsilon to determine some density threshold over which to find clumps. HDBSCAN enhances this algorithm by performing DBSCAN over various epsilon values and integrates the result to find a clustering that gives the best stability over different epsilon values (where stability refers to the persistence of the same clusters at different values of epsilon). The real power of this algorithm is that it allows us to find clusters of varying densities (unlike DBSCAN). Both of these properties make the algorithm ideal to use for the problem of chemical tagging since we expect chemical clumps of varying densities and we want to minimize the number of spurious clumps.
Since our chemical model is semi-empirically derived from APOGEE, the dimensionality of the chemical space is 19. Figure 12 shows three chemical clumps of varying degrees of purity found by HDBSCAN in the chemical space spanned by the simulation. The purity of a clump is the number of stars from the dominant birth cluster in a clump found by HDB-SCAN divided by the total number of stars in that clump. A purity of 50% would imply that half the stars in an HDB-SCAN chemical clump were born together in the same cluster and the other half are contaminating field stars. In each panel, the phase space density of the entire chemical clump is plotted in grey and the constituent star clusters' phase space densities are plotted in different colors. The chemical clump on the left is very pure -almost all stars found to be similar in chemical space were indeed born together. As one would expect in this scenario, the phase space density of both the entire chemical clump and that of the dominant star cluster is almost identical.
The middle panel shows a chemical clump with a purity of 40%. Two star clusters born at different times and in different parts of the galaxy contribute roughly the same number of stars to this chemical clump and make up about 80% of the stars belonging to this clump. The other 20% are from another star cluster and background stars. The phase space density There are a large number of stars in the age range 200 < age < 1000 Myr that are in slightly overdense regions of the phase space density distribution but not above the overall mean plus 1σ phase space density implying that they would not be as easily "visible" as younger stars. Stars older than 1 Gyr are mostly phase-mixed with the background population of field stars. Bottom panels: UV diagrams for stars in three age bins. The amount of substructure is clearly very sensitive to the age of the population. distribution of the star clusters shows how one could use phase space information to break the degeneracy in impure chemical clumps.
Finally, the right panel shows a chemical clump that is dominated by field stars that happen to have a similar chemical composition. In this case, the phase space density does not seem to be a useful metric in breaking the degeneracy between co-natal and field populations. Figure 13 shows the number of clumps with 90% purity found by HDBSCAN as a function of abundance uncertainty in just chemical space, just phase space, chemical space and phase space combined, and chemical space, phase space, and age combined. At almost all abundance uncertainties, the number of clumps found with the addition of phase space information to chemical space is double that found in chemical space alone. The ages are given an observationally-motivated uncertainty of 0.3 dex and for this reason do not significantly increase the total number of pure clumps identified. Moreover, it is worthwhile to note that the abundance precision should be regarded as "effective" precision, since we do not take into account the co-variances. That is, a nominal 0.05 dex precision could have a much smaller "effective" uncertainty due to the co-variances (Ting et al. 2015b) . Moreover, the number of independent dimensions in our chemical model (and APOGEE) is difficult to measure -a chemical model with a tunable parameter for the number of independent dimensions in chemical space is subject of future work.
Co-moving Pairs
Recently, there has been interest in the study of pairs of stars that are close together and moving at similar velocities, so-called co-moving pairs Andrews et al. 2017; Gagné et al. 2018; Price-Whelan et al. 2017; Andrews et al. 2018) . Oh et al. (2017) found a suprisingly large number of co-moving pairs with separations of ≥ 1 pc and small relative velocities. There are two possible origins for these pairs: either they were born together and are moving through the Galaxy together ("co-natal") or they happened to be comoving either randomly or due to resonances by external perturbers such as the bar or spiral arms.
The simulations presented in this work offer a useful testbed to investigate the nature of these N = 2 clumps in the disk. Figure 14 shows the co-natal fraction, the number of pairs in a bin that were born together divided by the total number of pairs in that bin, plotted as a function of the physical separation and the 3D velocity difference. The top panel shows all the co-moving pairs with no metallicity information included and the bottom panel shows all the co-moving pairs with a metallicity difference of < 0.05 dex. The top panel is particularly striking because it suggests that stars currently separated by as much as 20 pc have a high co-natal fraction for ∆V < 2 km s −1 . Moreover, adding chemical information allows us to find co-natal stars that are even further apart and separated by a higher relative velocity. Figure 15 shows the co-natal fraction for all pairs within 20 pc as a function of ∆V . We include cases with no metallicity information (solid line) and cases with a relative metallicity difference of < 0.05 (dot-dashed) and 0.10 (dashed). Inclusion of even a modest amount of metallicity information re- sults in much higher co-natal fractions out to several km s −1 . The results presented here are promising for Galactic archaeology and the quest of finding stars born together.
CAVEATS, LIMITATIONS, & FUTURE WORK
In this section we discuss the limitations of the model. We have taken the approach in this work to develop a complete dynamical model of all stars born in the Galactic disk over the past 5 Gyr. As a result, a number of assumptions and approximations were made. Below, they are listed in order of roughly decreasing importance. Many of these will be tested and explored in future work.
1. Perhaps the largest uncertainty in our model is how star clusters are born and disrupted in the galaxy. The uncertainty stems from ongoing debates in the star cluster community regarding the interplay between and the relative importance of individual clusters becoming unbound due to gas expulsion ("infant mortality") (Lada & Lada 2003) versus the hierarchical structure scenario (e.g., Kruijssen 2012). Some other formation channels (Longmore et al. 2014; Krumholz et al. 2018 ) have been put forth as well. One of the main goals of this broader project is to identify features in phase space that might be able to shed new light on this debate. We plan to run simulations with different star cluster birth and disruption recipes and hope to place some constraints on those by comparing their phase space signatures to Gaia DR2.
2. A limitation of the current model is that of a mostly steady-state potential. The spiral arm pattern and the bar are evolving with time but at a fixed pattern speed and a prescribed mass. However, we expect that these non-axisymmetric components might be transient features. Furthermore, the radial migration in our simulation, as implied in Figure 5 , is not quite as strong as expected and, consequently, the metallicity distribution functions are offset at high metallicities from their expected value. On the other hand, not much is known about the time evolution of the spiral arms, bar, and GMCs, which poses a difficult modelling challenge.
3. An area for future improvement is the treatment of Nbody interactions within star clusters via test particle integration. In this work we adopted a simple scheme of undervirializing star clusters to mimic the effect of self-gravity at early times. However, we expect this to depend on the mass, density, and galactocentric location of star clusters in the galaxy. In future work we plan to run a grid of simulations to create an undervirialization recipe that takes into account the factors mentioned above.
4. There are several assumptions made in the chemical model that should be more thoroughly explored in future work. The spatiotemporal correlations between the chemical signature of clusters born near each other at similar times (Krumholz & Ting 2017 ) is mostly ignored but could play an important role in the feasibility of chemical tagging in the galaxy. Moreover, the covariances between the individual abundances are largely ignored -however, we know this to be incorrect in detail (Ting et al. 2015b ). The dimensionality of chemical space is also not known. Future iterations of the chemical model will attempt to take these factors into account in a principled way by modeling the covariances between measured chemical abundances and including the number of indpendent dimensions in chemical space as a tunable parameter.
5. GMCs are likely an important component of the vertical heating of the Milky Way disk and also play a role in radial diffusion. There are three main sources of uncertainty in our GMC model: how many GMCs there are, how large they are, and how to efficiently calculate their force at a given point at reasonable computational expense. All of these, separately and/or combined, play an important role in the radial and vertical heating of the simulated galaxy. A more comprehensive picture for GMC formation and evolution such as (Jeffreson & Kruijssen 2018) could be explored.
6. The radial growth for the simulated galaxy that we adopt is based on a fairly simple relation derived from extragalactic data (Schruba et al. 2011) . It is straightforward to consider alternative models for the global evolution of the disk structure, and we could for example adopt relations from cosmological zoom-in simulations (e.g., Sanderson et al. 2018 ).
7. The CMF, in particular its higher mass cutoff and possible redshift evolution, is quite uncertain. The CMF is important because it determines what kind of clusters end up in the solar neighborhood and the overall clumpiness of the chemical space. Exploring the CMF high-mass cutoff is planned for a future work.
All of the assumptions and limitations discussed above present fruitful future research directions, especially in light of Gaia and present and upcoming ground-based spectroscopic surveys.
SUMMARY
In this paper we have introduced a new set of simulations that are the first of their kind to model the full population of stars (younger than 5 Gyr) comprising a Milky Way-like disk. These simulations allow us to resolve the small-scale structure in phase space and chemical space due to clustered star formation. Moreover, we have run two additional control simulations in order to isolate the effects due to clustered star formation and resonances.
We present a simple model for how to mimic star cluster initialization, evolution, and disruption based on a combination of analytic theory, hydrodynamical+N-body simulations, and observations. The model is calibrated to broadly agree with the cluster formation efficiency of a Milky Way-like galaxy and the evolution of the mass-radius relation of various cluster formation channels.
The star cluster model is coupled to a realistic model for the potential of the Milky Way that includes a bar, spiral arms, GMCs, and an axisymmetric component. We assume that all stars are born in star clusters, and evolve stars in the mass range [0.5, 1.5] M born in the last 5 Gyr (∼ 4 billion stars in total) based on the initial conditions described above.
Our results are summarized as follows:
• The simulations of the Milky Way disk presented in this work agree with observations of the age-velocity dispersion relation, the surface density profile, and the metallicity distribution function in the solar neighborhood of the Milky Way.
• The phase space signatures of clustered star formation are, as expected, a strong function of age. We find a large range of ages where structure in phase space should still be visible above the background of old, phase-mixed clusters. Moreover, the simulations presented in this work present a unique opportunity to study the demographics of the birth sites of stars in the solar neighborhood today.
• Similar to previous work (e.g., Ting et al. 2015a) , we find that solely looking in the chemical abundance space leads to impure chemical clumps, which poses problems for strong chemical tagging. We find that independent of abundance measurement uncertainty, the addition of phase space information leads to an increase of more than a factor of two in the number of pure clumps (> 90% purity) found by HDBSCAN. These results bode well for harnessing the synergies between spectroscopic surveys and Gaia.
• A high fraction (from 30 to 70%) of co-moving pairs with a large separation (extending to ∼ 40 pc) and a low relative velocity (< 2 km s −1 ) were born together ("conatal") in the simulation. Adding a simple ∆ [Fe/H] cut further increases the co-natal fraction at higher separations and velocities.
The models presented in this work provide a unique opportunity to study the imprints of clustered star formation on the kinematics and chemistry of stars in the Gaia era. In the near future, we will explore co-moving pairs in Gaia DR2 and investigate the predictions of whether high-separation and low-velocity pairs are truly co-natal (Kamdar et al., in prep) . Moreover, we will also explore alternate models for clustered star formation and the potential and its evolution with the goal of using Gaia data to discriminate amongst various model options.
